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Abstract

In this paper we implement numerical PDE solution techniques to compute the probability of

lifetime ruin which is the probability that a �xed retirement consumption strategy will lead

to �nancial insolvency under stochastic investment returns and lifetime distribution. This

problem is a variant of the classical and illustrious ruin calculation from insurance theory,

but adapted to individual circumstances.

Using equity market parameters derived from US-based �nancial data we conclude that

a 65-year-old retiree requires 30 times their desired annual (real) consumption to generate a

95% probability of sustainability, which is equivalent to a 5% probability of lifetime ruin, if

the funds are invested in a well-diversi�ed portfolio. The 30-to-1 margin of safety contrasts

with the relevant annuity factor for an in�ation-linked pension which would generate a zero

probability of lifetime ruin.

Our paper then goes on to compare the PDE-based values with moment matching and

comonotonic-based approximations that have been proposed in the literature. We �nd the

Reciprocal Gamma approximation provides an accurate �t as long as the volatility of the

underlying investment return does not exceed � = 30% per annum, which is consistent

with capital market history. At higher levels of volatility the moment matching approxima-

tions break down. We also con�rm that the comonotonic-based lower bound approximation

provides remarkably accurate results, although less so at lower levels of volatility.

Our results should be of interest to academics, practitioners and software developers who

are interested in estimating these probabilities, but without resorting to crude simulations.

KEYWORDS: Annuity, Pension, Retirement, Stochastic Present Value



1 Motivation

A number of recent papers in the �nance and insurance literature have focused on computing

the probability a retiring individual will exhaust their wealth under a �xed consumption

strategy while still alive. This quantity has been coined the lifetime ruin probability and has

been investigated by Khorasanee (1996), Milevsky (1998), Milevsky and Robinson (2000),

Albrecht and Maurer (2002), Orszag (2002), Gerrard, Haberman and Vigna (2003), Dus,

Mitchell and Maurer (2003) and recently Young (2004) amongst others. A variant of this

concept has also been coined the "Hurdle Race Problem" by Vandu¤el, Dhaene, Goovaerts

and Kass (2003), where the problem is formulated to locate an initial provision for future

(retirement) payment obligations. Alternatively, this problem has been analyzed under the

label of retirement "PensionMetrics" by Blake, Cairns and Dowd (2003). A variant of this

problem has also been explored within the context of Asian options where the literature

is quite extensive. See Goovaerts, Dhaene and de Schepper (2000) for a discussion of the

problem from the point of view of stochastic present value functions.

Regardless of title, the concept of lifetime ruin is at the core of various commercial

software packages that provide retirement advice, and motivated by the continued interest

in the topic, our paper goes back to �rst principles and employs analytic techniques to

represent the probability of lifetime ruin as the solution to a Partial Di¤erential Equation

(PDE). We then use a numerical Crank-Nickolson scheme to solve this second-order linear

PDE.

With a rapid algorithm at our disposal, we implement our procedure using equity market

parameters derived from US-based in�ation-adjusted �nancial data as reported by Ibbotson

Associates (2002). We conclude that a 65-year-old retiree requires 30 times their desired an-

nual (real) consumption to generate a 95% probability of sustainability �which is equivalent

to a 5% probability of lifetime ruin � if the funds are invested in a well-diversi�ed equity

portfolio earning a real (arithmetic mean) 7% per annum with a standard deviation of 20%.

We provide similar estimates for di¤erent ages and under a collection of di¤ering return

and volatility assumptions. The 30-to-1 margin of safety can be contrasted with the relevant

annuity factor for an in�ation-linked income which would generate a zero probability of life-

time ruin. Thus, for those retirees who decide to self-annuitize, the lifetime ruin probability

can provide a summary risk metric.

Our paper then goes on to compare the numerical PDE values with various moment

matching and other approximations that have been proposed in the literature to compute

the lifetime probability of ruin. We label this our horse race with an eye towards testing

the robustness of the so-called moment matching methodology �which is explained in the

body of the paper �and contrasting with approximations which are based on comonotonicity
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techniques. Our results indicate that the Reciprocal Gamma (RG) approximation and less

so the LogNormal (LN) approximation provide an accurate �t as long as the volatility of the

underlying investment return does not exceed � = 30% per annum, which is consistent with

capital market history. At higher levels of volatility the moment matching approximations

break down. We also con�rm that the comonotonic-based lower bound (CLB) approximation

�explained and developed at length in a series of papers by Dhaene, Denuit, Goovaerts, Kaas

and Vyncke (2002a, 2002b) �provides remarkably accurate results, although less so at lower

levels of volatility.

The remainder of this paper is organized as follows. Our general model is presented in

section 2. The elementary PDE theory and techniques are presented in section 3. In section

4, we provide a variety of numerical approximation techniques for the lifetime probability of

ruin. We start with the so-called Reciprocal Gamma approximation �which is based on a

series of papers by Milevsky (1997, 1998, 1999) and Milevsky and Robinson (2000) �we then

illustrate the same technique using the LogNormal approximation and �nally we implement

the comonotonic lower bound method proposed by Dhaene, Denuit, Goovaerts, Kaas and

Vyncke (2002a, 2002b). A broad range of numerical examples are presented in section 5,

and the paper concludes in section 6.

2 The Probability of Lifetime Ruin

Without any loss of generality we can scale the problem by assuming a constant consumption

rate, taken to be one (real or nominal) for simplicity, with a wealth process that obeys the

following stochastic di¤erential equation (SDE):

dWt = (�Wt � 1) dt+ �Wt dBt; W0 = w; (1)

where �, � are the drift and di¤usion coe¢ cients and Bt is the Brownian motion driving the

process. Note that the net-wealth process de�ned by equation (1) has a drift (�Wt�1), that
may become negative if �Wt becomes small enough relative to 1. This, in turn, implies that

the processWt may eventually hit zero, in stark contrast to the classical geometric Brownian

motion which is bounded away from zero in �nite time.

Theorem #1: The net-wealth process Wt; de�ned by equation (1), can be solved ex-

plicitly to yield:

Wt = e
(�� 1

2
�2)t+�Bt

�
w �

Z t

0

e�(��
1
2
�2)s��Bsds

�
; W0 = w: (2)

Proof #1: See the book by Karatzas and Shreve (1992, page 361). The proof requires a
basic application of the method of variation of coe¢ cients. The solution can be con�rmed by
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applying Ito�s Lemma to equation (2) and thus recovering equation (1). A discrete version of

equation (1) and (2) under a �exible consumption pattern has been analyzed by Vandu¤el,

Dhaene, Goovaerts and Kass (2003).

In this paper we are interested in an e¢ cient numerical procedure that will compute three

progressive and distinct ruin probability values. The �rst quantity of interest is de�ned to

be:

P1(w; y; t; T j �; �) := Pr[WT � y j Wt = w]; (3)

which is the probability that the net-wealth di¤usion processWT will attain a value less than

or equal to y, assuming it starts at a value of Wt = w at time t � 0.
The second quantity of interest is:

P2(w; y; t; T j �; �) := Pr[ inf
t�s�T

Ws � y j Wt = w]; (4)

which is the probability the process Wt ever crosses the level of y during the time [t; T ].

Finally, the third quantity of interest �and our main objective �represents the lifetime

ruin probability which is modelled as follows. LetTx denote a future lifetime random variable

�independent of Wt �with a distribution that is de�ned to be Gompertz-Makeham (GM)

and is parametrized by three variables,

�x+t = �+
1

b
e(

x+t�m
b ); (5)

where x denotes the current age of the individual. By de�nition of the hazard rate function,

we have that:

1� Fx(t) := Pr[Tx � t] = e�
R t
0 �x+sds

= exp
�
��t+ b(�x � �)(1� et=b)

	
; (6)

where Fx(t) is the CDF and fx(t) is the PDF of the random variable Tx. Roughly speaking,

one can think of m as the mode of the future lifetime and b as a scale parameter of Tx: For

example, when � = 0 and m = 80 and b = 10, equation (6) stipulates that the probability

a current 65-year-old lives to age 85 is: Pr[T65 � 20] = 0:2404, but the probability that a

current 75-year-old lives to age 85 is: Pr[T75 � 10] = 0:3527: Naturally, the probability of

reaching age 85 increases as the individual grows older.

Note some facts about Tx which will be used later in the analysis. First,Z 1

0

(1� Fx(t))�x+tdt = 1; (7)

and therefore a simple application of the chain rule retrieves the convenient relationship:

�x+t =
fx(t)

1� Fx(t)
: (8)
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Another important (and well known) fact of any future lifetime random variable is that:

E[Tx] =

Z 1

0

tfx(t)dt =

Z 1

0

Pr[Tx � t]dt =
Z 1

0

(1� Fx(t))dt (9)

Thus, under the above-mentioned parameters of � = 0, m = 80 and b = 10, the life

expectancy (median life) at age 65 is 79.18 (79.13) and at age 75 is 83.25 (82.62).

Our third and �nal probability of ruin is de�ned as:

P3(w; y; x j �;m; b; �; �) := Pr[ inf
0�s�Tx

Ws � y j W0 = w]; (10)

which is the probability the process will ever �hit�a value of y while the random variable Tx
is still alive. This is the so-called probability of lifetime ruin.

Theorem #2. The net-wealth stochastic process Wt de�ned by equation (2) obeys the

following property:

P2(w; 0; t; T j �; �) = P1(w; 0; t; T j �; �); 8 T � 0 (11)

In other words, the net-wealth processWt will not cross y = 0more than once. Once it enters

the negative region, it stays there. Note that although we are only focused on a constant

consumption pro�le and by analogy a constant wealth-to-consumption ratio, Theorem #2

could be extended to include non-constant consumption pro�les. The justi�cation for this

should be evident from the subsequent proof.

Proof #2: Equation (2) contains two parts, an exponential function which is strictly
greater than zero, multiplied by a term in square brackets whose sign is indeterminate.

Therefore, the process Wt;will be less than or equal to zero (ruin) at some future time T; if,

and only if, the term in square brackets is less than or equal to zero. In other words,

WT � 0 () w �
Z T

0

e�(��
1
2
�2)s��Bsds: (12)

On the other hand, the integral term is monotonically non-decreasing with respect to the

upper bound of integration T: This means that once it becomes greater than w, it stays

greater than w. Consequently, we arrive at our result that the probability Wt crosses zero

prior to a deterministic time T is equivalent to the probability that WT � 0.
Given the result from Theorem #2 applied to any �xed value of T; we can generalize to

a relationship involving the lifetime ruin probability P3: Namely,

Pr[ inf
0�s�Tx

Ws � 0 j W0 = w] = Pr

�Z Tx

0

e�(��
1
2
�2)s��Bsds � w

�
(13)

Our moment matching (MM) methodology will be based on approximating the integral in

equation (13) with a suitably close random variable that share the �rst few moments with the

4



true (density unknown) variable. This random variable can be interpreted as the stochastic

present value of lifetime consumption of $1 per annum. More on this later.

The analytic approach which leads to a PDE representation will be based on the following

analysis of the problem. Motivated by the structure of Tx we de�ne a future ruin time

random variable Ry
w which captures the amount of time it takes for the net-wealth process

Wt to �die��which is to hit the value of y �assuming it starts at an initial value of Wt = w.

Note that Ry
w is independent of the future lifetime random variable Tx. Using our previous

notation the formal de�nition of Ry
w satis�es:

Pr[Ry
w � t] := P2(w; y; 0; t j �; �): (14)

From this perspective it should become clear that the lifetime ruin probability P3 �which is

the focus of our analysis �can be represented as follows:

P3(w; y; x j �;m; b; �; �) = Pr[Ry
w � Tx]: (15)

It is the probability that the net-wealth process Wt gets ruined before the individual dies.

We have now transformed the problem to one of computing the cumulative density function

(CDF) of the new random variable Ry
w �Tx, and evaluating this CDF at zero. And, given

the natural independence between Ry
w and Tx, this becomes a simple exercise in probability

convolutions.

Akin to the future lifetime random variable, let Gw(t) = Pr[Ry
w � t] denote the CDF in

question. We then de�ne the probability density function (PDF) of Ry
w via:

gw(t) =
@Gw(t)

@t
=
@P2(w; y; 0; t j �; �)

@t
: (16)

Note that for gw(t) to be a proper density function �so that it integrates to a value of one �

we must add a probability mass of 1�P2(w; y; 0;1 j �; �) at gw(1), which is the probability
the wealth process Wt never hits a value of y: In this way, we obtain:Z 1

0

gw(t)dt+ (1� P2(w; y; 0;1 j �; �)) = 0: (17)

Finally, note that two independent random variables X1 and X2 have respective PDFs of

f1(x) and f2(x), then the PDF f3(x) of the sum of these two random variables X3 = X1+X2,

is given by

f3(y) =

Z 1

�1
f1(y � z)f2(z)dz; (18)

which leads to:

Pr [X3 � 0] =
Z 0

�1

Z 1

�1
f1(y � z)f2(z)dzdy (19)

5



In our case, f1(x) would denote the PDF of future ruin time random variable Ry
w and

f2(x) would denote the PDF of the negative value of the future lifetime random variable

�Tx. The quantity Pr[X3 � 0] is precisely the probability of lifetime ruin P3.
Finally, applying some chain-rule calculus to the right-hand-side of equation (19), we are

left with:

Pr[ inf
0�s�Tx

Ws � 0 j W0 = w] =

Z 1

0

gw(t)(1� Fx(t))dt: (20)

One can heuristically think of the integral as �adding up�the probability of ruin at t,

weighted by the probability the individual will survive to this time. Technically, we should

add the value gw(1) to the convolution, but since it is weighted by a zero probability of
future lifetime survival, we have omitted this term. Note also that in some literature the

symbol (tpx) is used to represent 1� Fx(t), which is the conditional survival probability.

3 P.D.E. Representation and Numerical Methods

The ruin probabilities de�ned in equation (3) and equation (4) are also known as the transi-

tion and exit probabilities. It can be shown that they both satisfy the Kolmogorov backward

equation, see for example, Bjork (1998).

Pt + (�w � 1)Pw +
1

2
�2w2Pww = 0 (21)

with a terminal condition

P (wT ; T ) = 1�H(wT � y) (22)

where H(w) is the Heaviside function and wT is the wealth at T .

The analytic di¤erence between P1 and P2 lies in the relevant boundary condition. For

P2 it is obvious that P2 = 1 at w � y. On the other hand P1 is non-zero for all w > 0.

When w = 0, we observe that the process de�ned by (1) implies dwt � 0, thus w will remain
negative and the proper boundary condition is P1 = 1 at w � 0. Finally, when w ! +1,
both P1 and P2 approach zero.

The next step is to re-scale the problem and realize that:

Pr[ inf
t�s�Tx

Ws � y j Wt = w] = Pr[ inf
0�s�Tx+t

Ws � y j W0 = w]; (23)

and therefore

P3(w; y; x+ t j �;m; b; �; �) = Pr[ inf
t�s�Tx

Ws � y j Wt = w] (24)

from the original de�nition of the lifetime ruin probability. On the other hand, we also know

that

P3(w; y; x+ t j �;m; b; �; �) =
Z 1

0

P2(w; y; 0; �)fx+t(�)d�: (25)
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And, from the de�nition of fx(�) it can be easily veri�ed that

fx+t(�) =
fx(t+ �)

1� Fx(t)
: (26)

Thus

P3(w; y; x+ t j �;m; b; �; �) =
1

1� Fx(t)

Z 1

0

P2(w; y; 0; �)fx(� + t)d�

=
1

1� Fx(t)

Z 1

t

P2(w; y; t; �)fx(�)d�: (27)

Some algebraic manipulations leads us to the following expressions for the partial derivatives:

@P3
@t

= � fx(t)

1� Fx(t)
P3 � P2(w; y; t; tj�; �)fx(t) +

Z 1

t

@

@t
P2(w; y; 0; � j�; �)fx(�)d�

= �x+tP3 +

Z 1

t

@

@t
P2(w; y; 0; � j�; �)fx(�)d�;

@P3
@w

=

Z 1

t

@

@w
P2(w; y; 0; � j�; �)fx(�)d�;

@2P3
@w2

=

Z 1

t

@2

@w2
P2(w; y; 0; � j�; �)fx(�)d�: (28)

Note that we have used the identity fx(t) = d(1 � Fx(t))=dt = �(1 � Fx(t))�x+t. Thus P3
satis�es the following backward equation:

P�x+t = Pt + (�w � 1)Pw +
1

2
�2w2Pww; (29)

with the following terminal condition:

P (w1;1) = 1�H(w1 � y); (30)

where �x+t is the hazard function which is de�ned by equation (5). The PDE in equation

(29) has also been derived by Young (2003) within the context of controlling the net-wealth

di¤usion to minimize the probability of lifetime ruin.

3.1 Ruin Probability when T !1

When T !1 which can be viewed as the perpetuity case, the solution for (21) is indepen-

dent of t and given by the following ODE:

(�w � 1)@P
@w

+
1

2
�2w2

@2P

@w2
= 0: (31)

Note that we have dropped the subscript on P since the equation is the same for both P1
and P2. The solution of this ODE can be obtained by integration with respect to w twice,

and result in:

P = C

Z 1

1=w

e�avvb�1dv +D (32)
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where C and D are two constants, a = 2=�2 and b = 2�=�2 � 1.
Applying the boundary conditions for P1 and P2 yields

P1 = �(a=w; b); P2 =
�(a=w; b)

�(a=y; b)
: (33)

where

a =
2�

�2
� 1; b = 2

�2
; (34)

and

�(a; z) =

Z 1

z

e�tta�1dt: (35)

This closed-form analytic representation for the ruin probability is not new �indeed, it has

been �discovered�by a variety of authors in the actuarial, �nance and insurance literature �

and simply serves to con�rm our PDE representation.

3.2 Numerical Scheme

In equation (21), the ruin probability P (w; t) satis�es a second order linear partial di¤erential

equation. We solve this equation by a �-method which can be written as follows:

P
(n+1)
j � P (n)j

�t
+ (�wj � 1)

 
�
P
(n+1)
j� � P (n+1)j��1

�w
+ (1� �)

P
(n)
j� � P (n)j��1

�w

!

+
�2w2j
2

 
�
P
(n+1)
j+1 + P

(n+1)
j�1 � 2P (n+1)j

�w2
+ (1� �)

P
(n)
j+1 + P

(n)
j�1 � 2P

(n)
j

�w2

!
= 0; (36)

where P (n)j is a grid function which approximates P (w; t) on the grid points (wj, tn). A

uniform grid with equal spacing �t and �x is used. The parameter � can be arbitrarily

selected, but when � = 1=2 it corresponds to a second order Crank-Nickolson scheme. An

upwind scheme is used for the �rst order derivative Pw, where the variable j� is either j or

j + 1, depending on the sign of the coe¢ cient.

For any implicit method where 0 < � � 1, numerical boundary conditions must be

provided on the computational boundaries j = 0 and j = J: This can be derived as:

P n0 = 1; j = 0 and P nJ = 0; j = J: (37)

j = 0 and j = J correspond to the w0 = 0 and wJ = W which are the boundaries of the

truncated computation domain for calculating the probability in equation (3), which is P1.

Likewise, for calculating the probability in equation (4), P2 and the relevant equation (10)

for P3, we use j = 0 and j = J with respect to the w0 = y and wJ = W: There are the

boundaries of the truncated computation domain. The terminal condition is:

PNj = 1�H(wj � y): (38)
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With these boundary conditions and the terminal conditions the discrete equations can be

solved by matching from time tn to tn+1, starting from n = 0. At tn+1, the equations for

P
(n+1)
j can be arranged from equation (36). In this space, we can solve for all the probabilities

by iteration. For equation (29), we can apply the same method.

4 Analytic Approximations

4.1 Moment Matching for Deterministic T

Using equation (3), equation (4) and Theorem 2 when the ruin level y = 0, we can represent

our P1 = P2 probability as:

P1 = Pr[WT � 0 j W0 = w]

= P2 = Pr[ inf
0�s�T

Ws � 0 j W0 = w]

= Pr

�
w �

Z T

0

e�(��
1
2
�2)s��Bsds

�
; (39)

which is equivalent to the probability that the stochastic present value is greater than w.

We therefore de�ne the stochastic present value random variable as:

ZT =

Z T

0

e�(��
1
2
�2)s��Bsds; (40)

and attempt to approximate the (unknown) distribution of this random variable ZT by an

approximating density curve. Once again, the connection between the ruin probability and

the stochastic present value function has been recognized by a variety of authors, see for

example Milevsky (1997) for references, as well Vandu¤el, Dhaene, Goovaerts and Kass

(2003) in discrete time under �exible consumption.

The approximating density to the stochastic present value (SPV) will be selected so that

it�s �rst two moments are identical to the �rst two moments of the true random variable ZT :

By constructing the �approximator� in this way, we hope to create a measure of closeness

between the two. While the algebra is somewhat tedious, the �rst moment of ZT is:

M1 = E[ZT ] =
1

�� �2 �
e�(���

2)T

�� �2 ; (41)

and second moment is:

M2 = E[Z
2
T ]

=
2

(�� 2�2)(�� �2)(1� e
�(���2)T )

+
2

(�� 2�2)(2�� 3�2)(e
�(2��3�2)T � 1) (42)
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We refer the interested reader to the appendix in which the detailed integral-based deriva-

tion of M1 and M2 is presented. Note that as � increases beyond
p
�=2 the second moment

M2 becomes very large due to the exponential integrand. Therefore, the moment-matching

approximation starts to deteriorate at those levels of volatility. This problem will also occur

when T is random, but the exact threshold at which the exponent �blows up�will depend on

the parameters of the Gompertz density.

4.2 Moment Matching for Stochastic T

Following the representation derived in equation (13) we now compute the �rst two moments

of the stochastic present value when the terminal horizon is stochastic. In this case the

random variable is de�ned as:

ZTx =

Z Tx

0

e�(��
1
2
�2)s��Bsds: (43)

We intend to �moment match� the stochastic present value ZTx to both the Reciprocal

Gamma (RG) distribution and the LogNormal (LN) distribution. Our assumption remains

that the future lifetime random variable is Gompertz-Makeham distributed and is indepen-

dent of the Brownian motion driving the investment return process. We start with

Zt =

Z t

0

e�(��
1
2
�2)s��Bsds; (44)

Using the rules for conditional expectations, we know that:

E [ZTx ] = E [E [Zt j Tx = t]] = E
�
E
�
Z j FB

1
��
; (45)

where FB
1 is the sigma �eld generated by the entire path of the Brownian motion. Using the

moment generating function for the normal random variable E [exp f��Bsg] = expf12�
2sg,

we obtain that:

E [ZTx ] = E

"
E

"Z t

0

�
exp

�
(�� 1

2
�2)s+ �Bs

���1
ds

#
j Tx = t

#

= E

�Z t

0

E

�
exp

�
�(�� 1

2
�2)s� �Bs

��
ds j Tx = t

�
= E

�Z t

0

expf�(�� 1
2
�2)sgE [exp f��Bsg] ds j Tx = t

�
= E

�Z t

0

expf�(�� 1
2
�2)sg expf1

2
�2sgds j Tx = t

�
=

Z 1

0

exp
�
�
�
�� �2

�
s
	
spx ds: (46)
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We de�ne the function,

A(� j m; b; x) :=
Z 1

0

exp f��sg spxds; (47)

which is a form of present value operator. Indeed, after substituting the Gompertz (spx)

from equation (6) and changing variables, we get:

A(� j m; b; x) = b exp
�
exp

�
x�m
b

�
+ (x�m)�

�
�

�
�b� ; exp

�
x�m
b

��
; (48)

where �(u; v) =
R1
v
e�tt(u�1)dt once again denotes the incomplete Gamma function. By

construction, the term A(� j m; b; x) in equation (47) coincides with the Gompertz price of
a life-annuity under a continuously compounded force of interest �: Thus, the expectation of

the stochastic present value of lifetime consumption is:

M1 = E [ZTx ] = A(�� �2 j m; b; x); (49)

which is the �rst (non-central) moment. The same technique, as detailed in equation (46),

can be employed to obtain all higher non-central moments of the stochastic variable ZTx.

The second moment is:

M2 = E
�
Z2Tx

�
=

�
2

�� 2�2

��
A(�� �2 j m; b; x)� A(2�� 3�2 j m; b; x)

�
: (50)

The RG and LN approximation method requires the �rst two moments.

4.3 Reciprocal Gamma Approximation.

The �rst and second moments of the Reciprocal Gamma random variable are: M1 = 1=(�(��
1)) and M2 = 1=(�

2(� � 1)(� � 2)) respectively. We can then invert the �rst two moments
and express the ��tted�variables � and � in terms of M1 and M2: They are:

� =
2M2 �M2

1

M2 �M2
1

; � =
M2 �M2

1

M2M1

; (51)

where M1 and M2 are taken from equations (49) and (50) when we are approximating P3
and they are taken from equations (3) and (4) when we are approximating P2.

In either event, the stochastic variable

Z� =

Z �

0

expf�(�� 1
2
�2)s� �Bsgds; (52)

can be approximated by the Reciprocal Gamma (RG) density function. When we are ex-

amining the �xed horizon we use � = T and when we are examining the random lifetime

horizon we use � = Tx. Thus, the probability of lifetime can be approximated by:

Pr[ inf
0�s�Tx

Ws � 0 j W0 = w] �= G(1=w j �; �) (53)
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where � and � are de�ned by equation (51). The justi�cation for the RG approximation

derives from the limiting arguments provided by equation (33). We refer the interested

reader to Milevsky and Robinson (2000) for a similar and more elaborate discussion of

this approximation. The current paper is concerned mainly with robustness issues when

compared against the PDE values.

4.4 LogNormal Approximation.

We can approximate the unknown distribution of the random variable Zt in equation (40)

by the LogNormal (LN) distribution instead of the Reciprocal Gamma distribution. The

LogNormal density is ubiquitous in the �nance literature and is actually used by many prac-

titioners to approximate stochastic present values. Based on a LogNormal �approximator�

the �rst two moments of the random variable Zt are linked via:

M1 = E[Zt] = e
a+ 1

2
b2 ; (54)

and

M2 = E[Z
2
t ] = e

2a+2b2 ; (55)

where a and b are the two free parameters (or degrees of freedom) available for the LN

distribution. Our numerical examples which we present and compare in the next section will

employ the LN approximation exclusively for the P2 (�xed T ) case and thus by equation (3)

and (4) we can obtain yet another approximation:

Pr[WT � 0 j W0 = w] = Pr[ inf
0�s�T

Ws � 0 j W0 = w] �= 1� �
�
ln(w)� a

b

�
; (56)

where � is the cumulative distribution function of a standard normal distribution.

4.5 Comonotonic Lower Bound (CLB) Approximation.

A series of papers starting with Goovaerts, Dhaene and de Schepper (2000) and culminating

with Dhaene, Denuit, Goovaerts, Kaas and Vyncke (2002a, 2002b) use comonotonicity ar-

guments to obtain upper and lower bounds for the stochastic present value of a series of life

contingent payments. We have tested both the comonotonic upper bound (CUB) and lower

bound (CLB) and �nd the CLB to be closest to the PDE values. And, while the above-

referenced papers by Dhaene et al (2002a, 2002b) should be consulted for greater details,

the following is a brief review of their approach.

Let Y (s) = �s+ �B(s) and � =
R t
0
e��sB(s)ds, then we have that � is normally distrib-

uted with mean 0 and variance:
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�2� = V ar[�] =
1

2�3
+
3 + 2�t� 4e�t

2�3e2�t
(57)

where � = �� 1
2
�2. If we de�ne r(s) by:

r(s) =
cov[Y (s);�]

���
p
s

=
1

��
p
s

�
1� e��s
�2

� se
��s

�

�
; s � t: (58)

the distribution of the random variable ZT in equation (40) can be approximated by a new

random variable ~ZT which is de�ned by:

~ZT :=

Z T

0

e��s�r(s)�
p
s��1(U)+ 1

2
�2s(1�r2(s))ds; (59)

where � is the cumulative distribution function of a standard normal distribution and with

U = �(��E[�]
��

) standard uniformly distributed.

The survival function of ~Z is:

Pr[~ZT > w] = �(zw); (60)

were zw is the root of the equation

nX
i=1

e��i�t��r(i�t)�
p
i�tzw+

1
2
�2i�t(1�r2(i�t))�t = w; (61)

and where �t = T=n. Using this approach, from equations (3) and (4) we obtain:

Pr[WT � 0 j W0 = w] = Pr[ inf
0�s�T

Ws � 0 j W0 = w] �= Pr[ ~ZT > w]: (62)

Note that this particular approximation technique has only been proposed and implemented

within the context of a �xed (non-stochastic) time T , and we therefore only present results

for P2. And, although one can always take mortality-weighted averages at di¤erent horizons,

it is an open question whether the approximation will be as e¤ective, when the horizon itself

is a random variable.

5 Numerical Examples and Comparison

We now have the ability to compute some explicit ruin probabilities as well as comparing

the performance of various approximation methods. Note once again that with the moment

matching method (and comonotonicity techniques) it is only possible to calculate the ruin

probabilities P2 and P3 when y = 0 since the stochastic present value representation is only

de�ned when the ruin is set at zero.

Our �rst table illustrates the di¤erence between the probability of the net-wealth process

hitting the level y at any time prior to maturity (P2) and the probability of the process

13



being under level y at maturity. The table also illustrates our claim in Theorem 2 that

both probabilities are identical when y = 0. Of course, when y 6= 0, the ruin probability of
equation (4) is greater than that of equation (3).

[Table 1 goes here]

Table 1 displays the probability that an individual with an initial wealth of w = 20 dollars

who withdraws 1 dollar per annum, will get ruined within 30 years (P2) or at the end of 30

years (P1), where ruin is de�ned as wealth hitting a level of y. The market parameters for

the stochastic process driving wealth is a mean return of � = 7% and a volatility of � = 20%.

These parameters are consistent with historical evidence on the behavior of a broad portfolio

of common equities during the last 75 years, as reported by Ibbotson Associates (2002)

[Figure 1 goes here]

Figure 1 displays the probability that an individual with an initial wealth of w = 20

dollars who withdraws 1 dollar per annum, will get ruined within 30 years (P2) or at the

end of 30 years (P1), where ruin is de�ned as wealth hitting a level of y. Once again, the

market parameters for the stochastic process driving wealth is an (arithmetic) mean return

of � = 7% and a volatility of � = 20%. Note that as the value of y gets closer to zero, the

two quantities converge in value.

[Figure 2 goes here]

Figure 2 displays the probability that an individual who is 65 years old with an initial

wealth of w = 20 dollars who withdraws 1 dollar per annum, will get ruined within his

lifetime (P3), where ruin is de�ned as wealth hitting a level of y. Note that in this case

we are dealing with a stochastic time horizon T as opposed to the deterministic T = 30 in

the previous two �gures. Again, the market parameters for the stochastic process driving

wealth is a mean return of � = 7% and a volatility of � = 20%. The mortality parameters

are based on a Gompertz approximation to the unisex RP-2000 mortality table compiled by

the US-based Society of Actuaries, with m = 87:8 and b = 9:5. Thus, for example, there is

e¤ectively a 100% probability that wealth will be drawn-down by at least 50% and will hit

10 dollars while the individual is still alive.

[Figure 3 goes here]

Figure 3 displays the minimum initial wealth level at various ages, that is needed in order

to maintain the lifetime ruin probability at precisely 1%, 5% and 10% respectively. Thus, for

example, a 70 year old would require w = 40 to sustain a 1 dollar per annum consumption
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rate for life, with a 99% probability, but would only require w = 27 to sustain this with a

95% probability. The capital market and mortality parameters are as in Table 2. Intuitively,

older ages require less initial wealth to generate the same real (after in�ation) income pattern

with the same level of probabilistic con�dence. As a general rule of thumb, age 65 requires

30 times consumption for a 95% con�dence level.

5.1 Ruin Probabilities P1, P2 and P3

We now provide some explicit results for the Reciprocal Gamma (RG) approximations and

compare those to the (true) PDE values to obtain a measure of discrepancy between the

two.

[Figure 4 goes here]

Figure 4 displays the discrepancy between the Reciprocal Gamma (RG) approximation

and the numerical PDE solution for the ruin probability (P2) as a function of investment

volatility �, for di¤ering levels of expected investment return �. Note that the approximate

RG value is always greater than the PDE value; i.e. the approximation overstates the ruin

probability �and this gap (bias) is an increasing function of volatility. In this particular

case the initial wealth is chosen to be w = 12 and the terminal horizon is T = 20 years.

[Figure 5 goes here]

Figure 5 displays the discrepancy between the Reciprocal Gamma (RG) approximation

and the numerical PDE solution for the ruin probability (P2) as a function of investment

volatility �, for di¤ering terminal horizons T , and assuming an expected growth rate of

� = 12% and an initial wealth of w = 12. Once again the approximate RG value is always

greater than the PDE value and this gap (bias) is an increasing function of volatility �. But

note that for levels of volatility under � = 30%, the RG approximation produces values that

are virtually indistinguishable from the PDE values. This is the basis for our statement that

the RG method is a valid approximation to lifetime ruin probabilities for historical levels of

equity volatility.

[Figure 6 goes here]

Figure 6 displays the discrepancy between the Reciprocal Gamma (RG) approximation

and the numerical PDE solution for the ruin probability (P2) as a function of investment

volatility, for di¤ering levels of initial wealth and assuming a T = 30 year horizon and

� = 15%. Note once again that for levels of volatility under 30%, the RG approximation

produces values that are virtually indistinguishable from the PDE values, but at higher levels

of volatility that approximation is worse the higher the level of initial wealth.
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[Figure 7 goes here]

Figure 7 displays the ruin probability as a function of volatility using the numerical

PDE method and the approximate Reciprocal Gamma method assuming an initial wealth of

w = 12 an expected investment return of � = 12% and a terminal horizon of T = 30 years.

Note that as the volatility increases beyond 30%, the gap in the estimated versus the precise

numerical value increases. At very high levels of volatility, the RG approximation breaks

down with the ruin probability being given as an eroneuous100%, when in fact it is much

lower. The derivation in the appendix provides greater insight into why � is so critical to

the approximation process.

[Figure 8 goes here]

Figure 8 displays the discrepancy between the Reciprocal Gamma (RG) approximation

and the numerical PDE solution for the lifetime ruin probability (P3) as a function of in-

vestment volatility �, for di¤ering levels of expected investment return �. Although the

discrepancy is an increasing function of volatility, it is a decreasing function of the expected

investment return. The calculations assume that initial wealth is w = 12 and the individual

is 65 years old with (unisex) mortality speci�ed by the Gompertz distribution with m = 87:8

and b = 9:5. Once again, a higher discounting rate � creates a better de facto �t.

[Figure 9 goes here]

Figure 9 displays the discrepancy between the Reciprocal Gamma (RG) approximation

and the numerical PDE solution for the lifetime ruin probability (P3) as a function of in-

vestment volatility, for di¤ering levels of initial wealth. We assume the same parameters as

in Figure 8.

[Figure 10 goes here]

Figure 10 displays the lifetime ruin probability for an individual aged 65, as a function of

volatility using the numerical PDE method and the approximate Reciprocal Gamma method

assuming an initial wealth of w = 12 an expected investment return of � = 12%.

5.2 A Horse Race: LN, CLB, RG and PDE

In this section we compare and contrast the various approximations that have been described

in the earlier sections and examine how they perform when benchmarked against the (true)

PDE solution.
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[Figure 11 and 12 goes here]

Figure 11 as Figure 12 �which are two sections of a cumulative distribution function

�compare the results from a variety of methods for computing the ruin probability (P2)

as a function of initial wealth, assuming a T = 25 year time horizon. The capital market

assumptions are based on historical estimates of real (after-in�ation) returns, which are

� = 7% and � = 20%. Notice that the CLB method understates the ruin probability at low

levels of initial wealth, but matches almost perfectly at higher levels.

[Figure 13 goes here]

Figure 13 displays the ratio of the various approximations to the precise numerical esti-

mate for the ruin probability (P2) as a function of initial wealth, assuming a T = 25 year

time horizon. The capital market assumptions are the same as Figure 11.

[Table 2 goes here]

Table 2 compares the probability than an individual with an initial wealth of w = 20

dollars who withdraws 1 dollar per annum, will get ruined; where ruin is de�ned as wealth

hitting zero �within 25 years (P2) using the exact PDEmethod, the Reciprocal Gamma (RG)

approximation, the LogNormal (LN) approximation and the Comonotonic Lower Bound

(CLB) estimate. The deviation of the three approximation methods from the PDE value is

listed in brackets. Note that the market parameters for the stochastic process driving wealth

is a mean return of � = 7% and a volatility of � = 20%, which correspond to long-run

historical values for these parameters in real (after-in�ation) terms.

[Table 3 goes here]

Table 3 compares the probability than an individual with an initial wealth of w = 15

dollars (in contrast to Table 2 that examines the case of w = 20) who withdraws 1 dollar per

annum, will get ruined; where ruin is de�ned as wealth hitting zero �within 25 years (P2)

using the exact PDE method, the Reciprocal Gamma (RG) approximation, the LogNormal

(LN) approximation and the Comonotonic Lower Bound (CLB) estimate. Notice that the

ruin probabilities are uniformly higher the lower the level of initial wealth. The capital

market parameters are the same as Table 2.

[Table 4 goes here]

Table 4 compares the probability than an individual with an initial wealth of w = 10

dollars (in contrast to Table 2 that examines the case of w = 20) who withdraws 1 dollar per
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annum, will get ruined; where ruin is de�ned as wealth hitting zero �within 25 years (P2)

using the exact PDE method, the Reciprocal Gamma (RG) approximation, the LogNormal

(LN) approximation and the Lower Bound (CLB) estimate. The capital market parameters

are the same as Table 2.

[Table 5 goes here]

Table 5 reports a particular result from the CLB approximation assuming di¤erent dis-

cretization schemes. We start with the case where each period is exactly one year �which

is the situation reported by Dhaene et. al. (2002a) �and then show the results for quar-

terly, monthly, weekly and daily compounding. Note that as one would expect, as n gets

large the probabilities converge. We assume a T = 25 year time horizon and an initial

wealth of w = 15. The capital market assumptions are based on historical estimates of real

(after-in�ation) returns, which are � = 7% and � = 20%.

[Table 6 goes here]

Table 6 compares the RG and CLB approximation when the time horizon T !1. This
is an interesting case in it�s own right, since the limiting distribution is in fact Reciprocal

Gamma.

[Figure 14 goes here]

In closing, Figure 14 examines the relationship between the number of simulations n,

and the accuracy of the probability results for P2 when benchmarked against the (true)

PDE results. The purpose of Figure 13 is to illustrate the large number of simulations that

is needed �and the implicit cost of this time �to obtain results that are relatively close to

the PDE values. For example, if n = 500 runs and w = 15 the probability of ruin P2 within

25 years is �o¤�by 4:6% when using simulation values (which takes 1.5 minutes on a PC

of Pentium 4, processor 2.0 G). And, even when we increase the number of simulations to

n = 10000 (which takes 20 minutes on a PC of Pentium 4, processor 2.0 G) the value of P2
is still 1:4% away from the true value.

6 Conclusion.

With today�s advanced computing power �and the intellectual simplicity of simulation �

it is quite easy to fall-back on Monte Carlo techniques to derive all forms of lifetime ruin

probabilities. This is especially common amongst practitioners who are interested in quick-

and-dirty heuristic approximations. In this paper we have shown how to formulate and then

18



numerically solve the PDE representation of the lifetime ruin probability; a quantity which

has been investigated by numerous authors in the �nance and insurance literature. We �nd

that as a general rule of thumb age 65 requires 30 times consumption for a 95% con�dence

level, i.e. a 5% probability of lifetime ruin, when historical capital market parameters are

assumed.

Using these parameter values we then compared our numerical PDE results with various

moment matching and bounding approximations. Our analysis indicates that under realistic

growth rate assumptions the Reciprocal Gamma approximation proposed by Milevsky and

Robinson (2000) provides an accurate �t as long as the volatility of the underlying investment

return does not exceed � = 30% per annum. These parameters, once again, are consistent

with historical capital market values as reported by Ibbotson Associates (2002). However,

at higher levels of volatility the RG approximation breaks down. In contrast, the CLB

approximation which is based on the work of Dhaene et. al. (2002a, 2002b) is more stable

and accurate across all levels of volatility. And, even though CLB tends to underestimate

the ruin probability at lower levels of initial wealth, overall we believe it is preferred to any

moment matching approximation.

However, the CLB approximation has not yet been implemented for a stochastic lifetime

distribution, in contrast to the RG methodology which was speci�cally developed for this

case. Also, the CLB is not applicable when computing the probability of hitting arbitrary

levels of wealth �as opposed to zero �since the equality between the probability of ruin and

the CDF of the stochastic present value, does not apply.

This leaves fruitful areas for investigation, and as is the tradition, further research will

apply the numerical PDE approach to obtain retirement ruin probabilities for more complex

models of investment returns and consumption strategies.
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7 Appendix

In this appendix we provide for reference and con�rmation the exact derivation of the �rst

and second moment of the stochastic present value random variable de�ned by ZT in equation

(40).

ZT =

Z T

0

e�(��
1
2
�2)s��Bsds;

M1 = E[ZT ] =
R T
0
e�(��

1
2
�2)t
R1
�1 e

��x 1p
2�t
e�

x2

2t dxdt

=
R T
0
e�(��

1
2
�2)t
R1
�1

1p
2�t
e�

(x+t�)2

2t
+ 1
2
�2tdxdt

=
R T
0
e�(��

1
2
�2)te

1
2
�2tdt

=

8>><>>:
2
�2

�
e
1
2
�2T � 1

�
; �� 1

2
�2 = 0

T; �� �2 = 0
1

���2

�
1� e�(���2)T

�
; Otherwise

and, using the same arguments, the second moment is:

M2 = E[Z
2
T ] = E[(

R T
0
e�(��

1
2
�2)t��Btdt)2]

= E[
R T
0
e�(��

1
2
�2)t��Btdt

R T
0
e�(��

1
2
�2)s��Bsds]

= E[2
R T
0

R t
0
e�(��

1
2
�2)te�(��

1
2
�2)se��Bte��Bsdsdt

= 2
R T
0

R t
0
e�(��

1
2
�2)te�(��

1
2
�2)sE[e��Bte��Bs]dsdt

We require the covariance term E[e�Bte�Bs ], where s < t. In this case, assume Bt = Bs+W ,

where W � N(0;
p
t� s). This leads to:

E[e��Bte��Bs ] = E[e��(Bs+W )e��Bs ]

= E[e��W e�2�Bs ]

= E[e��W ]E[e�2�Bs ]

= e
1
2
�2(t�s)e2�

2s

= e
3
2
�2se

1
2
�2t:
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Substituting into M2, we can get

M2 = E[Z
2
T ] = 2

Z T

0

Z t

0

e�(��
1
2
�2)te�(��

1
2
�2)se

3
2
�2se

1
2
�2tdsdt

=

8>>>>>>>><>>>>>>>>:

1
3�4

�
2e2�

2T � 8e 12�2T+6
�

�� 1
2
�2 = 0

T
��2�2 +

e�(��2�
2)T�1

(��2�2)2 �� �2 = 0
1�e�(���2)T
(���2)2 � 2Te�(���

2)T

���2 �� 2�2 = 0
2

(��2�2)(���2)(1� e
�(���2)T )

+ 2
(��2�2)(2��3�2)(e

�(2��3�2)T � 1); Otherwise

Q.E.D.
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³�´µ·¾´µ¹»¶`®k¶-·B±fä~Äµ·2®Y¯�¶�±ã®YÄ+¿O¯�´µ±�®Y°²¿�³�·¾Ä�¿m¶-±¾±uÞ�·B°Úá_°º­Øà�¸]¶m´µ¼Ú®Y¯ °²±o´Ã¹ß¶m´µ­â·¾¶`®k½�·B­ Ärä�� �ÛPµö ´µ­�Þ}´
áNÄr¼º´m®k°º¼²°Ú®SÛ�ÄµäÔ����,ròµö
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Â/°²àµ½�·¾¶c,*zZæZ¯�¶�Ü�àµ½�·¾¶2Þ�°²±B³�¼²´=Û$±�®Y¯Ø¶2³�·BÄµÙØ´µÙ�°²¼º°Ú®SÛu®Y¯Ø´m®U´µ­'°²­�Þ�°Úá$°²Þ�½�´r¼N¸U¯ØÄß°²±Zïµð]ÛN¶m´µ·B±HÄµ¼²ÞF¸U°÷®k¯�´µ­
°²­�°÷®k°º´r¼_¸]¶m´µ¼Ú®Y¯�ÄµäQ���k,µò�Þ�Är¼º¼²´µ·B±J¸U¯ØÄ�¸U°Ú®Y¯ØÞ�·B´=¸U±føjÞ�Äµ¼²¼º´r·2³_¶m·2´µ­�­D½�¹»é$¸U°º¼²¼�àµ¶K®»·B½�°²­�¶mÞ�¸U°Ú®Y¯�°²­
¯�°²±J¼²°ºä~¶K®Y°²¹»¶»ó ±\âkôBé«¸U¯�¶-·¾¶]·B½Ø°º­u°²±cÞ�¶mÜ�­�¶mÞ'´µ±?¸�¶-´r¼÷®k¯'¯�°÷®¾®Y°²­�àF´�¼º¶KáN¶-¼$Äµä�Û«åZæZ¯Ø¶�¹»´µ·Bë0¶`®�³Ø´µ·B´µ¹»¶K®Y¶-·¾±
ä~Äµ·�®k¯�¶�±ã®YÄ+¿O¯�´µ±�®Y°²¿�³Ø·BÄ+¿-¶-±¾±fÞØ·B°Úá$°²­�à'¸]¶m´µ¼Ú®Y¯â°²±»´ù¹ß¶m´µ­â·¾¶`®k½�·B­7Äµä+�·�ìPµö ´r­�Þ}´'áNÄr¼º´m®k°º¼²°Ú®SÛ Äµä
����,µòµö»åcæZ¯Ø¶g¹»Äµ·�®Y´µ¼²°÷®SÛ�³Ø´µ·B´µ¹»¶K®Y¶-·¾±z´r·B¶�Ù�´µ±B¶mÞoÄµ­ß´Uÿ�Äµ¹»³e¶-·�®o0H´µ³�³�·¾Ä=Ý$°²¹»´m®Y°²Äµ­�¸U°÷®k¯mÙ � ) P[¬ )
´µ­�Þ Ç � õ ¬ÏðµåFæZ¯D½�±Bé�ä~Är·�¶`Ý_´µ¹»³�¼²¶-é$®k¯�¶-·¾¶F°²±]¶�<e¶-¿K®Y°ÚáN¶-¼ÚÛ ´�ømòròµö ³�·BÄµÙØ´µÙ�°²¼º°Ú®SÛ�®k¯�´m®]¸�¶-´r¼÷®k¯o¸U°º¼²¼/Ùe¶
Þ�·¾´O¸U­)îOÞ�Ä=¸U­çâ?´µ­�Þ�¸U°²¼º¼�¯�°Ú®uømò»Þ�Äµ¼²¼º´r·B±/¸U¯�°²¼º¶c®Y¯Ø¶U°²­�Þ�°Úá_°ºÞØ½�´µ¼?°º±H±�®Y°²¼º¼�´µ¼²°ÚáN¶-å

,µð



50 55 60 65 70 75 80 85 90
0

10

20

30

40

50

60

70

80

Initial age

M
in

im
um

 in
iti

al
 w

ea
lth

the ruin probability is 0.01
the ruin probability is 0.05
the ruin probability is 0.10

Â/°²àµ½�·¾¶Zñ*zzæZ¯Ø¶�ÜØàµ½�·B¶ZÞØ°º±¾³�¼º´=Û_±�®Y¯�¶Z¹»°²­�°º¹�½�¹#°²­�°÷®k°º´r¼0¸]¶m´µ¼Ú®Y¯ß¼º¶KáN¶-¼N´b®�áØ´r·B°²Äµ½�±�´µàµ¶m±Bér®k¯�´m®�°²±�­�¶-¶mÞ�¶-Þ
°²­uÄµ·BÞØ¶-·�®YÄj¹»´µ°²­k®Y´µ°²­�®k¯�¶�¼²°ºä~¶K®Y°²¹»¶]·B½�°²­o³Ø·BÄµÙ�´rÙ�°º¼²°Ú®SÛè´m®�ømö»éeðµö ´µ­�Þ×øbòµö#·B¶m±B³e¶-¿`®k°÷á�¶-¼ÚÛ«ågæZ¯+½Ø±Bé$ä~Är·
¶`Ý_´µ¹»³�¼²¶-é�´�Pµò2ÛN¶m´µ·]Äµ¼²Þß¸�Äµ½�¼²Þè·B¶mÅD½�°º·¾¶u�·�ó7µò�®YÄo±¾½�±ã®k´µ°²­è´×ø�ÞØÄµ¼º¼²´µ·�³_¶m·g´r­�­D½�¹ ¿mÄµ­�±¾½�¹»³0®Y°²Äµ­
·B´b®Y¶�ä~Äµ·]¼²°²ä~¶-é$¸U°Ú®Y¯ù´ õµõ öç³�·BÄrÙ�´µÙ�°²¼º°Ú®SÛ«é�Ù�½)®2¸]Äµ½Ø¼ºÞùÄµ­�¼ÚÛ ·¾¶-ÅD½�°²·B¶���� ,`Pj®YÄ'±B½Ø±ã®Y´r°º­'®Y¯�°²±J¸U°Ú®Y¯ù´
õ ðµö�³�·BÄrÙ�´µÙ�°²¼º°Ú®SÛ«å�æZ¯�¶�¿-´r³�°÷®k´µ¼�¹»´µ·Bë0¶`®j´µ­�Þ�¹»Äµ·ã®k´µ¼²°÷®SÛù³Ø´µ·B´µ¹»¶K®Y¶-·¾±g´r·B¶�´µ±Z°²­�æ�´µÙ�¼²¶?,µå
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µ=0.12
µ=0.15
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Â/°²àµ½�·¾¶$7*zýæZ¯�¶�Ü�àr½�·B¶�Þ�°²±B³�¼²´=Û$±j®k¯�¶�Þ�°º±¾¿-·¾¶-³�´µ­Ø¿`Û�Ùe¶`®S¸�¶-¶m­ý®Y¯�¶�þg¶m¿-°²³�·BÄ+¿-´r¼�ÿU´µ¹»¹»´�ó�þcÿ�ôß´µ³0î
³�·¾ÄOÝ_°²¹»´m®Y°²Äµ­ù´µ­�Þf®k¯�¶�­D½�¹»¶-·¾°º¿m´µ¼/À�Á2Â ±¾Äµ¼²½0®Y°²Äµ­×ä~Äµ·z®k¯�¶F·¾½�°º­×³Ø·BÄµÙ�´rÙ�°º¼²°Ú®SÛ ó ±\¾kô]´µ±�´uä~½�­�¿K®Y°²Äµ­×Äµä
°²­Yá�¶-±�®Y¹»¶-­k®�áNÄr¼º´m®k°º¼²°Ú®SÛ«éJä~Är·UÞØ°G<e¶-·¾°º­�à�¼º¶KáN¶m¼º±FÄräJ¶`Ý_³e¶-¿K®Y¶-Þ °²­káN¶m±ã®Y¹»¶m­Y®'·B¶`®k½�·B­Øå3J�Äm®k¶�®k¯�´m®�®Y¯Ø¶o´µ³0î
³�·¾ÄOÝ_°²¹»´m®Y¶�þcÿâá�´µ¼²½�¶H°º±!´µ¼Ú¸]´=Û_±Jàµ·¾¶-´m®k¶-·	®Y¯Ø´µ­�®k¯�¶�À!Á2Â�áØ´r¼º½�¶�â_°²å²¶-å�®k¯�¶g´r³�³�·BÄ=Ý_°²¹ß´b®Y°²Äµ­oÄ=áN¶m·B±�®Y´m®k¶-±
®Y¯Ø¶f·¾½�°º­ý³�·BÄµÙØ´µÙ�°²¼º°Ú®SÛ6O ´µ­�Þ�®Y¯�°²±Uàµ´µ³�ó�Ù�°²´µ±Bô�°º±U´µ­ý°²­�¿m·B¶-´r±B°²­�àèä~½�­�¿K®Y°²Äµ­�Äµä?áNÄµ¼²´m®k°º¼²°÷®SÛµå6J�Äm®k¶U®Y¯Ø¶
´µ±¾±B½�¹»³0®k°ºÄµ­»®Y¯�´b®U°º­�°Ú®Y°²´µ¼Ø¸�¶-´µ¼Ú®Y¯�°º±I� � øt,f´r­�ÞF®Y¯�¶c®Y¶m·B¹»°²­�´µ¼�¯�Äµ·¾°G0mÄµ­�°º± µ �s,µò]ÛN¶-´r·B±Bå
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T=30
T=20
T=10

Â/°²àµ½�·¾¶�ð*zýæZ¯�¶�Ü�àr½�·B¶�Þ�°²±B³�¼²´=Û$±j®k¯�¶�Þ�°º±¾¿-·¾¶-³�´µ­Ø¿`Û�Ùe¶`®S¸�¶-¶m­ý®Y¯�¶�þg¶m¿-°²³�·BÄ+¿-´r¼�ÿU´µ¹»¹»´�ó�þcÿ�ôß´µ³0î
³�·¾ÄOÝ_°²¹»´m®Y°²Äµ­ù´µ­�Þf®k¯�¶�­D½�¹»¶-·¾°º¿m´µ¼/À�Á2Â ±¾Äµ¼²½0®Y°²Äµ­×ä~Äµ·z®k¯�¶F·¾½�°º­×³Ø·BÄµÙ�´rÙ�°º¼²°Ú®SÛ ó ±\¾kô]´µ±�´uä~½�­�¿K®Y°²Äµ­×Äµä
°²­Yá�¶-±�®Y¹»¶-­k®2áNÄr¼º´m®k°º¼²°Ú®SÛ«é
ä~Är·gÞ�°R<e¶-·B°²­�à�®Y¶-·¾¹»°º­�´r¼�¯�Är·B°R0-Äµ­�±g´µ­�Þ�´µ±B±¾½�¹»°º­�à'´r­�¶`Ý_³e¶-¿K®Y¶-Þ×àr·BÄ=¸Z®Y¯�·B´m®k¶
Äµä��4�#øt,µö ´µ­ØÞf´µ­ß°²­�°÷®k°º´r¼«¸�¶-´r¼÷®k¯oÄµä}�ó�#øt,µå ü ­Ø¿-¶�´µàµ´µ°²­]®Y¯�¶�´µ³�³�·¾Ä=Ý$°²¹»´m®Y¶�þcÿâá�´µ¼²½�¶�°º±�´µ¼Ú¸]´=Û_±
àµ·¾¶-´m®k¶-·z®k¯�´µ­o®Y¯Ø¶FÀ�Á2Â á�´µ¼²½�¶F´µ­ØÞo®Y¯�°²±2àµ´µ³ ó�Ù�°²´µ±Bô]°²±2´µ­×°²­�¿-·¾¶-´µ±¾°º­Øà�ä~½Ø­�¿`®k°ºÄµ­×Ärä$áNÄµ¼²´m®Y°²¼²°÷®SÛµå�Bc½)®
­�Äm®k¶J®Y¯�´b®�ä~Äµ·c¼²¶`á�¶-¼²±gÄµä�á�Äµ¼º´b®Y°²¼º°Ú®SÛù½�­�ÞØ¶-·Zñµòµö»é�®k¯�¶2þcÿ ´µ³�³�·¾ÄOÝ_°²¹»´m®Y°²Äµ­�³�·BÄ+Þ�½�¿m¶-±/á�´µ¼²½�¶-±/®Y¯Ø´m®�´µ·¾¶
á_°º·�®Y½�´r¼º¼ÚÛ�°º­ØÞ�°º±�®Y°²­�àµ½�°²±B¯Ø´µÙ�¼²¶jä~·BÄr¹�®Y¯Ø¶UÀ�Á2ÂÃá�´µ¼²½�¶m±Bå
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Initial wealth w=6
Initial wealth w=10
Initial wealth w=12
Initial wealth w=16

Â/°²àµ½�·¾¶�ï*zýæZ¯�¶�Ü�àr½�·B¶�Þ�°²±B³�¼²´=Û$±j®k¯�¶�Þ�°º±¾¿-·¾¶-³�´µ­Ø¿`Û�Ùe¶`®S¸�¶-¶m­ý®Y¯�¶�þg¶m¿-°²³�·BÄ+¿-´r¼�ÿU´µ¹»¹»´�ó�þcÿ�ôß´µ³0î
³�·¾ÄOÝ_°²¹»´m®Y°²Äµ­ ´µ­ØÞÃ®Y¯�¶�­D½�¹»¶-·B°²¿-´r¼�À�Á2Â ±BÄµ¼²½0®Y°²Äµ­ ä~Är·�®k¯�¶�·¾½�°º­â³�·BÄµÙØ´µÙ�°²¼º°Ú®SÛ ó-±@¾kôß´µ±f´ýä~½�­�¿K®Y°²Äµ­
Äµä�°º­ká�¶-±ã®k¹»¶-­k®oá�Äµ¼º´b®Y°²¼º°Ú®SÛ«égä~Äµ·�Þ�°R<_¶m·B°²­�àÃ¼²¶`á�¶-¼²±fÄräg°²­�°Ú®Y°²´µ¼
¸]¶m´µ¼Ú®Y¯7´µ­�Þ7´µ±B±¾½�¹»°º­�à�´ µ � ñµòuÛN¶m´µ·
¯�Äµ·¾°G0mÄµ­×´µ­�Þ
�&� ømðµö»å�J�Äb®Y¶�®Y¯Ø´m®�ä~Äµ·�¼º¶KáN¶-¼²±�Äµä	áNÄµ¼²´m®k°º¼²°÷®SÛ�½�­�Þ�¶m·2ñµòµö»é_®k¯�¶�þcÿ�´µ³�³�·¾ÄOÝ_°²¹»´m®Y°²Äµ­
³�·¾Ä�Þ�½Ø¿-¶-±eáØ´r¼º½�¶m±_®Y¯Ø´m®c´r·B¶�á_°²·ã®k½�´µ¼²¼÷Ûo°º­ØÞ�°º±�®Y°²­�àµ½�°²±B¯Ø´µÙ�¼²¶Zä~·BÄµ¹ ®Y¯Ø¶JÀ�Á2ÂuáØ´r¼º½�¶m±BéNÙ�½)®Z´m®J¯�°²àµ¯�¶-·
¼º¶KáN¶-¼²±
ÄµäNáNÄµ¼²´m®k°º¼²°÷®SÛ'®k¯�´m®U´µ³Ø³�·BÄ=Ý_°º¹»´m®k°ºÄr­�°²±�¸�Äµ·¾±B¶Z®Y¯�¶�¯�°²àµ¯�¶m·�®k¯�¶�¼º¶KáN¶m¼�Ärä�°²­�°Ú®Y°²´µ¼Ø¸]¶m´µ¼Ú®Y¯�å
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ÂGF�HJILKNMPO'QSRUTLMPVLHJIWK�MPXLFZYN[L\�]_^`Y�a�TLMPK�ILF�bc[WK�dJeL]'eLFZ\�Ffa0^g]JYh]�ijILbLkla�F�dJbcd'i�mLdJ\Z]na�F�\ZFfa0^
ILY�F�bLHPaoTLMPbBIqp
r M	KNFZk4]J\$s<t:u r Mva�TWdwXx]JbWXSa�TLM2]J[L[LKNd_y`F r ]4a�M{z M	k4FZ[WK�dBk	]J\�|h] r�r ] r MvaoTLdBX7]JY�YNI r FZbWH�]'b7FZbWF}aoFZ]J\
~ M	]J\fa�T{d'i������4� ]JbhMvy`[`M4kvaoM	X�F�b�mLM	Y�a r M	boa K�Mla�ILKNb{dJiq�����4�J��]JbLXh]<aoM	K r F�bL]J\BTLdJKNFZ�4dJb2d'i'���9�J�
^�M4]JK�YN����d4aoM�a�TL]na:]JY�aoTLM�mLdJ\Z]na�F�\ZFfa0^xF�bLk	KNM	]JYNM	Y�e/Mv^�d'bLXE�J�J����aoTLM*HJ]'[6FZb2aoTLM*M	Y�a�F r ]4a�M4X�mLM	KNY�ILYGa�TWM
[LKNM	k	F�Y�M�bBI r M4K�F�k	]J\�mw]J\ZIWM�F�bLk	KNM	]JYNM	Y����$ahmLM	K�^�TLF�HJT�\�MvmLM	\�Y{dJi�mLdJ\�]4a�F�\ZFfa0^,�(a�TLMSz;|�]J[L[LKNd_y`F r ]4a�F�dJb
eLKNM	]J��Y XLd ~ b ~ Ffa�T�a�TLM�KNILFZb�[LKNdJeL]JeLF�\�F}a0^�e/M	F�bLHPHJF}mLM	b�]JYh�4�J�J��� ~ TWFZk_T7F�bEij]JkvahFfa!FZY r ILk_T7\�d ~ M	KN�
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�GF�HJILKNM%�JQ�RUTLM�VLH'ILK�M XLF�Y�[L\�]�^"Y$aoTLM XLFZYNk	KNM	[L]JbWkv^xe/Mva ~ M	M4b2a�TLM%z%M4k	F�[LK�dBk	]'\/|!] r�r ]6 �z;|h¡�]J[L[WK�d�y�p
F r ]na�F�dJbE]JbLX�a�TLM�b�I r M	KNFZk4]J\�s<t:u�Y�dJ\�I�aoFZdJb�ijdJK�aoTLM�\ZF�ijMvaoF r M�K�IWFZb�[LK�d'eL]JeLF�\ZFfa0^
 £¢`¤�¡U]JYU]�ijILbLkla�F�dJb
dJi*F�bom�M4Y£a r M4b�aEmLdJ\Z]na�F�\ZFfa0^,��ijdJKPXLF�¥`M4K�F�bLH�\�Mvm�M4\ZY�dJi:Mvy`[/M	kvaoM	X¦F�bom�M	Y�a r M	boa�K�Mla�ILKNbL����\fa�TLdJIWHJT�a�TWM
XLF�Y�k4K�M	[W]JbLkv^xFZY;]'b6FZbLk4K�M4]JY�F�bLH�ijILbLkla�F�dJb6dJiWm�d'\Z]4aoFZ\�Ffa0^,��Ffa�F�Y;]�XLM	k4K�M4]JY�F�bLH�ijILbLkla�F�dJb6dJiWa�TWM*Mvy`[/M	kvaoM	X
F�b�mLM	Y�a r M	boa2K�MvaoILK�bW� RUTWM*k	]J\�k	IW\Z]4aoFZd'bLYU]JY�YNI r M;a�TL]4a:FZbLFfa�F�]J\ ~ M4]J\}aoTEFZY$�§���4�{]JbLX2aoTLM:F�bLXLFfm"F�XLIL]'\
F�Y2¨J©S^LM	]JKNY{dJ\�X ~ Ffa�T r dJK�a�]J\�F}a0^ªY�[/M	k4FZVWM	X«eo^�aoTLMD|!d r [`M4K£ao��XLF�Y£aoK�F�eLI�a�F�dJb ~ Ffa�T�¬ ���JO,­®��]'bLX
¯ ��°J­�©J�
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Initial wealth w=6 
Initial wealth w=10
Initial wealth w=12
Initial wealth w=16

�GF�HJILKNM%°JQ�RUTLM�VLH'ILK�M XLF�Y�[L\�]�^"Y$aoTLM XLFZYNk	KNM	[L]JbWkv^xe/Mva ~ M	M4b2a�TLM%z%M4k	F�[LK�dBk	]'\/|!] r�r ]6 �z;|h¡�]J[L[WK�d�y�p
F r ]na�F�dJbE]JbLX�a�TLM�b�I r M	KNFZk4]J\�s<t:u�Y�dJ\�I�aoFZdJb�ijdJK�aoTLM�\ZF�ijMvaoF r M�K�IWFZb�[LK�d'eL]JeLF�\ZFfa0^
 £¢`¤�¡U]JYU]�ijILbLkla�F�dJb
dJi/FZbomLM	Y£a r M	boa;m�d'\Z]4aoFZ\�Ffa0^,�/ijdJKCXLF�¥`M4K�F�bLHh\�MvmLM	\�Y�dJi/F�bLF}aoFZ]'\ ~ M4]J\}aoTL�$²ªM ]'Y�Y�I r MCa�TWM YN] r M%[W]JK�] r Mla�M	KNY
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^�M4]JK�YS £¢`¸o¡:ILYNÀZbWÁ�aoTLM�Mvy`]JklaSs�t:u r Mva�TWdwXL�"aoTLM�z M	k	À�[LKNdwk4]J\G|!] r�r ]� �z;|h¡�]J[L[LKNd_y`À r ]4a�À�dJbL��a�TWM
Î�dJÁJ�%dJK r ]J\� �Î���¡<]J[L[LKNd�y"À r ]4a�À�dJbP]JbLX:a�TLM�Î�d ~ M4K<Ï;dJILbLX� £ÐUÎ�Ï;¡<M4Y£a�À r ]4a�M4�U��d4aoÀZk4MGa�TL]4a<aoTLM�K�ILÀ�b
[LKNdJeL]JeLÀ�\�À}aoÀZM4Y!]'K�M�ILbLÀ�ijdJK r \f^ÂTWÀZÁJTWM	K�a�TWMP\�d ~ M4K;a�TLM�\�MvmLM	\CdJi<À�bLÀ}aoÀZ]'\ ~ M4]J\fa�TL�DRUTWMPk4]J[LÀfa�]J\ r ]'K��'Mla
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